Torsion free connections and a notion of curvature are introduced on the innite dimensional nonlinear con guration space ? of a Riemannian manifold M under a Poisson measure. This allows to state identities of Weitzenb ock type and energy identities for anticipating stochastic integral operators. The onedimensional Poisson case itself gives rise to a non-trivial geometry, a de RhamHodge-Kodaira operator, and a notion of Ricci tensor under the Poisson measure. The methods used in this paper have been so far applied to d-dimensional Brownian path groups, and rely on the introduction of a particular tangent bundle and associated damped gradient.
Introduction
The path space of Riemannian Brownian motion can be treated as an in nite-dimensional manifold via the stochastic calculus of variations. Notions of connection and curvature have been introduced in this context in 8], 9], 10], and path spaces on Lie groups have been equipped with at connections, cf. 1], 12]. The Poisson process being another important example of stochastic process, it is natural to study Poisson spaces as examples of in nite-dimensional manifolds. The Poisson space (or con guration space) based on a Riemannian manifold is an example of in nite-dimensional nonlinear space whose geometry has been studied in 4], 25], via an integration by parts formula. In this paper we construct connections on con guration spaces using methods generally applied to Lie group valued Brownian motion. Here, the bracket of vector elds maps couples of functions on M to functions on M, and in this sense it is similar to the Poisson bracket in di erential geometry. The connection constructed in this paper has curvature if dim M > 1 but no torsion in general, it is not Riemannian but allows to state energy and Weitzenb ock type identities. The following table gathers the basic elements of this geometry and presents an analogy between nite and in nite dimensions. We make use of the three basic di erential structures (Fock, intrinsic and damped) on con guration spaces, and proceed as follows. In Sect. 2 we recall that the ShigekawaWeitzenb ock identity can be stated in terms Fock space and thus also applies to Poisson space. However, on Poisson space such an identity does not involve intrinsic di erential geometric tools, hence the need for other constructions (the same occurs on the space of Riemannian Brownian motion compared to the at Wiener space). In Sect. 3 we present a summary of the construction of connection and Weitzenb ock type identity in the one-dimensional case (M = R + ), which has particular properties. Some results in this section appear later as consequences of the more general framework of the following sections. Sect. 4 recalls the construction of a di erential structure on con guration space according to 2], 3], 4], 5], and the proof of integration by parts formula via pointwise identities as in 20] . In Sect. 5 we state the de nition of the damped gradient which will be essential here (for M = R + this gradient coincides with the gradient of 6]). Functions on M are viewed as tangent vectors and a connection with vanishing torsion but non-zero curvature in general is introduced in Sect. 6. This connection is not Riemannian but it has suitable commutation properties with stochastic integrals, for this reason it will be called the Markovian connection (a Riemannian and torsion free Levi-Civita connection is also introduced). The Lie-Poisson bracket f ; g acts on functions on M and we use a notion of di erential geometry in continuous indices as in 8], the indices being elements of M itself. The exterior derivative of di erential one-forms (functions on M) is de ned in Sect. 8. The Markovian connection is used to state energy identities and bounds for the damped anticipating integral operator~ in Sect. 9. The one-dimensional case is given again particular attention in Sect. 10, where a de Rham-Hodge-Kodaira operator and a notion of Ricci curvature are de ned. Sect. 11 is devoted to a linear numerical model of Poisson space in which the Ricci tensor vanishes.
Shigekawa identity in Fock space
Let (L 2 (M)) denote the Fock space with inner product
denote the unbounded gradient and Skorokhod integral operator on (L 2 (M)), which are mutually adjoint. An energy identity for can be stated as 
(2.1) Using the Wiener-Itô isomorphism, this identity applies on Poisson space as well as on the at Wiener space of R d -valued Brownian motion, but in the latter case it is not directly relevant to Riemannian Brownian motion for which a special geometry has to be developed via intrinsic di erential operators, cf. 9]. The situation in the Poisson case is similar. Let ? denote the con guration space on a metric space M, that is the set of Radon measures on M of the form
M; x i 6 = x j 8i 6 = j; n 2 N f1 ) ; where x denotes the Dirac measure at x ) . We now state a Weitzenb ock type identity on con guration space. For this we will use the commutation relation satis ed by the damped gradientD:
which can be proved as follows:
which implies
and (3.7) for u =
4 Intrinsic di erential structure on con guration space
In this section we work in the general case where M is a Riemannian manifold. We start by recalling the de nition of the intrinsic gradient of 4], Sect. 3, see also 5], p.
152, and state a short proof of the integration by parts formula. If K is a compact set such that u 1 ; : : : ; u n 2 C 1 c (K) and card( \ K) = n, then F ( ) can be represented as F ( ) = f n (x 1 ; : : : ; x n ); if = fx 1 ; : : : ; x n g 2 ?; n 1; We can also formulate this de nition aŝ Proof. This identity follows from the relationsD x F ( ) = (r M x D x F )( n x) and
Taking expectations on both sides in (4.1), we obtain the integration by parts formula forD, cf. 4]: If M = R + we set C 1 0 (R + ; R) = fu 2 C 1 b (R + ; R) : u(0) = 0g, g(x; y) = ?x _ y, @ x (y) = ?1 0;x] (y), x; y 2 R + , andũ(x) = ? R x 0 u(y)dy (cf. Sects. 3 and 10). On the other hand, given w 1 ; w 2 We also have the relations hd ? (F u Proof. We will show that as in the proof of Th. The proof of this identity relies on the use of the damped gradientD and on the relation and If dim M = 1 we obtain a bound on the anticipating stochastic integral operator~ :
There is a possible formal axiomatization of this construction in order to include simultaneously path groups and con guration spaces. For this one needs a damped gradient written asD u F = D u F + (q(u)DF ); where q(u) is a deterministic di erential operator. In the con guration space case, q(u)f will be the application of the vector eld u to the function f on M. In the path or loop group case, q(u)v will be the bracket u; v] of two vector elds u; v 2 L 2 (R + ; G), see with ( k 0 ) k2N being a family of i.i.d. exponentially distributed random variables representing distances between rst coordinates of con guration points, and k for x k = 0 or x k 2 f?1; 1g, x 2 R N , according to whether k is exponential or uniform.
We let @ denote the gradient on R N . Remark. The vanishing of the Ricci tensor in Prop. 11.1 is due to the vanishing of the second derivative of ', and can also be linked to the linearity of R 1 as a space of sequences. On the other hand, the existence of curvature on ? is due to the nonlinearity of '. These identities can be rewritten as 
